We first study the problem of the one-loop partition function for a free massive quantum field theory living on a fixed background hyperbolic space on the field of real numbers, H n (R), n ≥ 2. Earlier attempts were limited to n = 3 dimensions due to the computational complexity. We have developed a new method to determine the fundamental solution of the heat equation and techniques to specify its asymptotics in the small time limit. These enable us to determine the regular part and the ultra violet divergences of the one-loop effective action in the scalar case. The contribution of the Abelian gauge excitations to the one-loop partition function were treated separately using Fourier analysis and bi-tensor techniques on H n (R). Finally, by employing the DeWitt's method, we confirmed the correctness and extended our results to any dimension regarding the first three heat kernel coefficients.
Introduction
In this paper our goal is to determine explicitly the Euclidean partition function Z = H n Dφ e −g −2 S E (φ) (1) of a free quantum scalar field φ and of a U (1) gauge quantum field. The factor g −2 included in front of the Euclidean action is proportional to 1/ . This problem along with the graviton excitations were solved in three dimensions by [13] . We pursuit the more general n-dimensional case for mathematical completeness.
If we partial integrate the corresponding actions of the fields, by imposing suitable boundary conditions, we arrive at
S E (A, c, b) = 1 2 F, F + ⋆d ⋆ A, ⋆d ⋆ A + m 2 A, A + dc, db
where ·, · is the Hodge inner product (see (A.1) for the definition), ⋆ is the Hodge star operation and d the exterior derivative [11] , [7] . In (3) we adopted the Feynman gauge, to simplify the form of the operatorD F,µν , and the Fadeev-Popov ghosts c, b have been introduced by the gauged fixed Yang-Mills action.
Since we are dealing with determinants of operators, it is instructive to provide some information about their structure. The operatorD φ is semi-bounded from below by λ 0 = (n − 1) 2 /4 + m 2 and symmetric on its domain dom(C ∞ 0 (H n )). IfD φ has a self-adjoint closure, denoted byD φ , then it is said to be an essentially self-adjoint operator [19] . Since the hyperbolic manifold is geodesically complete, such self-adjoint extension is uniquely determined [12] , [20] , [21] and the problem of defining the Feynman propagator (i.e., the Green's operatorD −1 φ ) can naturally be solved. In the remainder of the paper we will considerD φ and from now on the bar will be omitted from the extension ofD φ . Negative powers ofD φ can be expressed in terms of the heat operator e −tD φ , t > 0 by the following integralD
, where g(l) = 
The multiple of the identity operator in (5) will be discarded from now on since we are considering renormalized effective actions. Consider the Hilbert space H = L 2 (H n , < ·, · >) with inner product defined by
for real one-component scalar fields. Adopting Dirac's notation, consider the abstract basis |x ′ >∈ H and the dual basis < x| ∈ H * , then the orthonormal condition reads < x|x ′ >= δ (n) (x, x ′ ). The heat kernel e −τD φ has elements
The contribution of quantum effects to the one-loop partition function in the scalar field case is given by, [23] (and references therein), the functional
If the manifold M were compact thenD φ would have a discrete spectrum and (9) with the help of (5) would become
The hyperbolic space is not compact andD φ would also have a continuous spectrum giving a divergent contribution to (10) proportional to the volume of M. Relation (10) can be calculated by evaluating the heat kernel at the coincident limit x ′ → x. Also, due to the presence of the mass term, one is not confronted with infra-red (IR) divergences caused by zero or negative eigenvalues ofD φ . Only ultra-violet (UV) divergences are present. These can be found by introducing a lower cut off Λ −2 and performing the Λ → ∞ limit. For H 2k+1 the fundamental solution of the heat equation is expressed in terms of elementary functions and this allows us to obtain an explicit formula for the one-loop effective action. In even dimensions the analysis is more involved but the recurrence relation (63) enables us to solve this problem.
Regarding the Abelian gauge excitations, the operatorD F,µν is semi-bounded from below by λ 0 = (n − 3) 2 /4 + m 2 − (n − 1) and symmetric on its domain dom(C ∞ 0 (H n , u(1))) 1 . One can repeat operator theory arguments, as the ones developed in the scalar case, to establish essential self-adjointness ofD F,µν . The one-loop partition function now becomes
where the factor −2 is due to the presence of b, c fields. The vector nature of the U (1) Abelian gauge field implies a delicate treatment for the one-loop effective action. Adopting a special ansatz for the heat kernel, first proposed by [9] , and using Fourier analysis as well as bi-tensor identities on H n , we reach our goal. Motivated by the DeWitt's powerful method, after some modifications, we performed an independent calculation of the heat kernel coefficients. This method produced identical results and extended the first ones. The paper is organized as follows:
In Section 2 we briefly review the definition of the real n−dimensional hyperbolic space H n and list some fundamental properties.
In Section 3, depending on the dimension of the manifold H n (even or odd), we derive a recurrent relation for the fundamental solution of the heat equation in terms of the probability density functions (17) and (18) respectively. The method is new and elegant and deserves a special mention. In sections five and six these recurrent relations will be used repeatedly.
In Section 4 we present the Fourier transform on H n dictated by a version of Helgason's treatment who involves group theoretic machinery. We write the unique SO(n) invariant spherical eigenfunction Φ λ (x) of the Laplace-Beltrami operator subjected to the condition Φ λ (0) = 1. This help us to identify the Harish-Chandra c−function (Proposition 4.2) which plays a key role in harmonic analysis on H n . We state the basic theorem without proof for the Fourier transformation on symmetric spaces of non-compact type and concentrate on rotationally symmetric functions.
In Section 5 we determine the one-loop partition function of a massive and real scalar quantum field theory. The regular and divergent parts are calculated in any odd, two and four dimensions respectively. A different approach based on the W.K.B. approximation of the heat kernel is also performed to secure our results. The latter provides results independent of the dimension of the hyperbolic space. We also derive a weighted Poincaré inequality for radial functions.
In Section 6 we solve the same problem as previously but in the presence of a massive Abelian U (1) gauge field. Adopting a convenient ansatz for the U (1) heat kernel and using Fourier analysis we specify the trace of the corresponding kernel. Again an independent W.K.B. heat kernel approximation is performed to check the agreement of the first three heat kernel coefficients with those predicted by (11) .
In Section 7 we provide additional mathematical background to clarify technical issues. 
where [·, ·] is the bilinear form defined by
with J 1,n be the (n + 1) × (n + 1) diagonal matrix with signature (+1, −1, · · · , −1).
The hyperbolic space H n is the maximally symmetric, simply connected, n-dimensional Riemannian manifold with constant negative sectional curvature K = −1. The group of all orientation preserving isometries, Iso + (H n ), consists of the proper, orthochronous Lorentz group
where GL(n + 1, R) is the group of all nonsingular real (n + 1) × (n + 1) matrices h. This group is isomorphic to the Möbius group of R n−1 = R n−1 ∪ {∞}. An element of h ∈ G acts on x ∈ H n as follows
where
Heat kernel recurrence relations between different dimensions
Definition 2.2 A fundamental solution p n for the heat operator ∂/∂t − ∆ H n ,x is a function
with the following properties i) p n ∈ C(H n × H n × (0, ∞)), C 2 in the first variable and C 1 in the second variable,
iii) lim t→0 + p n (·, y; t) = δ y (·), ∀y ∈ H n where δ y is the Dirac distribution centered at y and the limit is considered in the distributional sense,
where C ∞ 0 (H n ) denotes the set of C ∞ − smooth functions with compact support and d n y = √ g dy 1 ∧ · · · ∧ dy n is the volume form.
Theorem 2.3 Let
be the fundamental solutions for the heat operator on the real line and the hyperbolic space H 2 respectively. Then the following recurrence relations hold
depending on whether dimH n = n is an odd or even natural number.
The formulas (19) and (20) are not new [15] , [8] but the proposed method is inspired by a different viewpoint.
Proof
The Laplacian commutes with the action of the isometry group G = SO + (1, n) on H n space and as a result p n is a point-pair invariant; that is, it satisfies
Therefore
where r(x, y) = d H n (x, y) is the geodesic distance between the points x, y ∈ H n . A straightforward calculation shows that (see Appendix (A.13) for the generalization)
and the diffusion equation turns out to be
We want to establish a recurrence relation between p m and p n , m > n in different dimensions of hyperbolic spaces. Suppose there exists a differential operatorB(r, t) such that
Then, by demanding the heat operator to commute with theB operator,
we obtain the following system of partial differential equations
Eliminating the partial derivatives with respect to r, from equation (27) using (28), we end up with a constraint which relates the dimensions of the hyperbolic spaces and a first order, w.r.t. time t, partial differential equation
The general solution of (30) is f (r, t) = exp(−nt)g(r). Substituting this back into (28) we determine g(r). The operatorB is found to be given, up to a constant, bŷ
Applying successivelyB we recover (19) and (20) with the help of the finite sum formulas
Fourier transform on H n (R)
Consider the boundary cone of
and the mapping
with g(ω) = (1, ω) and
are eigenfunctions of the Laplace-Beltrami operator ∆ H n with eigenvalues −(λ 2 + ρ 2 ).
Proof
Using the spherical polar representation, the bilinear form is written as
The Laplace-Beltrami operator when expressed in the geodesic polar representation can be applied on h to give
Setting s = iλ − ρ, in (37), we recover the desired result. Note that for s = (n − 1) 2 /4 the L 2 spectrum ofD φ is the whole of the interval
For an alternative approach the reader may refer to [16] . The spherical function [5] 
is the unique SO(n) invariant eigenfunction of ∆ H n satisfying the condition Φ λ (0) = 1. It is an even function w.r.t. λ and r. For calculational purposes relation (B.1) is more convenient. Motivated by [17] we are led to the following proposition.
is the Harish-Chandra c-function.
Using the transformation u = tan(θ/2) the integral (39) becomes
Assuming λ = a + ib and Re(iλ) = −b > 0 the integrand is absolutely integrable since for ρ ≤ |b| we have
which is again integrable. Therefore by applying the dominated convergence theorem and changing once more variable, by setting t = (1 + u 2 ) −1 , we arrive at the following pointwise estimate
In (44) we used the definition of the Beta function
On symmetric spaces of non-compact type, Helgason [17] has given the following Theorem of Fourier transform.
The inverse Fourier transform is given by
(ii) Plancherel
and the Fourier transform extends as an isometry of L 2 (H n ) functions onto
For rotationally symmetric functions the Fourier transform extends as an isometry of radial
Note that the Harish-Chandra measure 2 2ρ 2πω n−1 |c(λ)| 2 corresponds to the density of zero angular momentum radial functions [4] . Relation (45) becomes
and the inverse transform is then given by
3 One-loop determinants in H n (R)
Scalar fields
We consider a real scalar field φ of mass m on H n . Its action is described by (2) where Green's formula has been applied on the condition that either suppφ or supp∇φ is compact. The scalar heat kernel on H n has been determined by Theorem 3.2, apart from a multiplicative constant exp(−m 2 t) due now to the presence of the mass term. The quantum effects generated by the background field φ in the one-loop approximation of quantum field theory are given by the functional (10) and taking into account that K n (x, x; t) = p n (0, t) it can be rewritten as
where the volume of H n is set to be equal to the volume of the open ball B(o, r) 2
The asymptotic behaviour of the heat kernel for n = 2k + 1, in the x ′ → x coincident limit, or equivalently, using the spherical polar representation, in the r ≡ d H n (x, x ′ ) → 0 limit, can be written as the finite t−series
2 Actually, in order to remove this volume divergence one may replaceD φ in (9) byD φ /D 0,φ whereD 0,φ ≡ −∂
is a reference operator describing the propagation of a massive particle in Euclidean space [23] . Alternatively, the regularisation of this divergence can be performed by introducing, under the trace in (9), a smooth smearing function f defined on H n .
The truncation of the series at the finite positive integer k − 1 is due to the fact that the coefficients a k,l vanish for l ≥ k. This can be proved by taking the r → 0 + limit of the multiple derivative (B.6) (see Appendix B for some analytic expressions of p 2k+1 ). Substituting (52) into (50) we obtain
where the t-integral was performed by analytic continuation of the Gamma function to negative arguments.
In general the integral in (50) can fail to provide a finite result due to IR (t → ∞) and UV (t → 0 + ) divergences. The first class of divergences cannot occur since the operatorD φ is semi-bounded from below by λ 0 = (n−1) 2 /4+m 2 and the Green's function of∆ φ is exponentially decreasing at infinity. As a consequence, a negative constant sectional curvature provides a natural infrared cut-off. The ultra violet divergency of W (1−loop) 2k+1,div. (Λ) can be found by introducing a lower cut off at ǫ = Λ −2 , performing the partial integration and then taking the limit Λ → ∞. In particular, for H 3 , k = 1, and we would have
and Erf(x) is the error function. Taking the Λ → 0 + limit of (56),
we recover the result of [13] . In the general case we find
where the ultra-violet divergency and the regular part of the integral are both computed using the formula
where s = k − l + 1 is a positive integer.
In the even dimensional case, n = 2(k+1), the asymptotic behaviour of the heat kernel at coincident points is more involved. For k = 0 we obtain (see Appendix C for details)
In (60) B 2l are the Bernoulli numbers and this expression is identical to the one derived in [6] . The ultra violet divergency in the one-loop partition function is given by
while the finite part is found to be
where γ is the Euler's constant (6) . In (62) the series converges provided the mass for big l behaves like cl 2 with the constant c taking values greater than 1/πe as one may check using the asymptotic behaviour of Bernoulli's numbers |B 2l | ≈ 4 √ πl (l/2π) 2l . In the H 4 case we use the recurrence relation [8] 
which connects the heat kernels in even and odd dimensions. Setting n = 3, in (63), the integrand involves K 5 and its Maclaurin expansion around t = 0 provides the asymptotic expansion
Substituting (64) back into (50) we derive the one-loop UV divergency. The simplest prescription for defining a finite one-loop partition function is to subtract from K n (x, x; t) the divergences proportional to a k,l . It is easily checked that the coefficientb 1,2k+1 = −k 2 + a k,1 (orb 1,2(k+1) = −k(k + 1) − 1/4 + a 2(k+1),1 ) of the linear term in t equals to −R/6 where R is the Ricci scalar curvature. On the other hand the coefficientb 2,2k+1 /2 = k 4 /2! − k 2 a k,1 + a k,2 (orb 2,2(k+1) /2 = (k(k + 1) + 1/4) 2 /2! − (k(k + 1) + 1/4)a 2(k+1),1 + a 2(k+1),2 ) of t 2 depends on a linear combination of R 2 µναβ , R 2 µν and R 2 (see (67)). The following proposition provides an analytic result for the first three heat kernel coefficients in the scalar field case utilizing De Witt's iterative procedure [10] .
Proposition 3.1 The coincidence limits of the heat kernel coefficients
are given byb 0,n = 1 (65)
Proof For the study of the asymptotic behaviour of K n in the r → 0 + limit a W.K.B. expansion suffices,
where σ(x, x ′ ) = d 2 H n /2 is the Synge's world function, P(x, x ′ ) is identically one in the neighbourhood of x ′ but vanishes outside a normal neighbourhood of x ′ ,
is the Van Vleck-Morette determinant which represents the density of geodesics. Ω is a function which satisfies the initial condition Ω(x, x ′ , 0) = 1 and is going to be determined. Substituting (69) into the heat equation and using the identities (see Appendix C for their proof)
we end up with the equation
The solution that vanishes as t goes to zero may be expressed as a power series
and the coefficients are determined by the differential recursion relation
by using the geodesic distance r. The solution of (76) is
For l = 0, (65) is obvious, bearing in mind the initial condition Ω(r, t = 0) = 1. For l = 1, (77) gives
which reproduces (66) in the coincidence limit r → 0 + . The third heat kernel coefficient is recovered in the same way. The explicit expression of b 2,n (r) is omitted due to its lengthy appearance. This method becomes very cumbersome beyondb 4,n and a refined nonrecursive procedure was used by [2] , [3] to calculateb 8,n . For a vector field φ, having N 0 real components, relations (65)-(67) can be generalised by multiplying them by N 0 . It is worth noting that the function
is strictly positive, right-continuous, decreasing for n = 2 and increasing for n > 3. In addition supΦ(r)
and satisfies the weighted Poincaré inequality
w.r.t. the measure dµ(r) = (sinh r) n−1 dr and for all compactly supported, smooth and radial functions f ∈ C ∞ 0 (H n ). In n = 2 dimensions the inf Φ(r) r∈D⊂H n ≥ 1/4, as (80) requires, but not in n > 3. Recall that (n − 1) 2 /4 is the greatest lower bound of the spectrum of the Laplacian acting on L 2 functions. This inequality is generalized to every complete Riemannian manifold under certain conditions [18] .
U(1) vector field
Our starting point is a massive U (1) gauge field A µ on H n , with a ξ dependent gauge fixed action,
where F µν = ∇ µ A ν − ∇ ν A µ is the field strength. We use the following conventions:
and the components of the Ricci tensor are given by
The last definition leads to the identity [∇ µ , ∇ ν ]A ν = R µν A ν 3 with R µν = (n−1)g µν for the hyperbolic space. The Green's function satisfies the equation
In the path integral approach of Quantum Field Theory one has to add the contribution of the FadeevPopov ghosts which in the Feynman gauge (ξ = 1) is described by the action
with b and c be real anti-commuting scalar fields. In the previous derivation of the actions (84) and (86) we again utilized Green's formula considering that suppA is compact and either suppc or supp∇b is compact. The total massless action, in the Feynman gauge, is invariant under the B.R.S.T. symmetry
which is parametrized by the infinitesimal anticommuting constant θ ({c, θ} = {b, θ} = 0). The following bi-tensor identities for the derivatives of u (see Appendix (A.11)) are very crucial for solving the U (1) heat equation (✷Q(t, u) ) .
The U (1) kernel K µν ′ is a (1, 1) bi-tensor [1] which can be written in the form (see Appendix (C.6))
and solves the initial-boundary valued problem
Using (87) and (89) one finds that
Substituting (91) back into (90) we obtain the following partial differential equations
where ✷ H n = u(u + 2)∂ 2 u + n(u + 1)∂ u . The solution of (92) subjected to condition (93) is
This is justified by noticing that (27) receives now an extra contribution −nf and, with the help of (28) which remains unchanged, it leads to a time independent solution f , in the massless case. ThereforeB(r, t) ∝ 1 sinh r ∂ ∂r . Fourier transforming equation (95) we obtain, for n = 2k + 1, the kernel equation
The solution of (97) turns out to bẽ
and the inverse Fourier transform is therefore given by
The trace of the heat kernel for a U (1) gauge field is
[
as one may prove by a straightforward calculation. We investigate the massive-massless cases in n = 3 dimensions. Using (96) we have
On the other hand from (99) we obtain
The partial derivative of (105) and the integral of the last term can be performed exactly. We only present now the massless case for simplicity, which gives
Finally the trace of the heat kernel for a massless vector field in H 3 is T rK
.
Proposition 3.2 The coincidence limits of the first three heat kernel coefficients, in the presence of a U (1) gauge field, are given bỹ
where g µν ′ (x, x ′ ) is the parallel displacement operator of the field along the geodesic from the point x ′ to the point x. The U (1) trace ofb 2,µν ′ (x, x) is then given by
Proof Substituting the W.K.B. expansion of the U (1) heat kernel
back into (90) and using the power series expansion
we obtain the following recurrent differential equation
where the semicolon denotes covariant derivative in (115). The solution of (115) is b 0,µν ′ (x, x ′ ) = g µν ′ (x, x ′ ) which in the x ′ → x limit becomes the unit matrix. The recurrent partial differential equation (114) at the coincidence limit is rewritten as
Using the identity
and the coincidence limits
we find that
which combined with (116) the second heat kernel coefficient (110) is recovered. The U (1) trace of the heat kernel, in the massless case, is identical to the one predicted by the Fourier method in n = 3 dimensions. The general solution of the recurrent equation (115), for arbitrary value of l ≥ 1, can be written formally as
whereÂ = σ λ ∇ λ andF =N + n − 1. Adding the contribution of the ghosts fields the U (1) traces in the massless case become
Conclusions
In this paper we have calculated the one-loop partition function for a free, massive, real quantum scalar field and U (1) gauge field, living on the hyperbolic space H n (R). In the scalar case we have provided closed expressions for the regular and UV divergent parts of the partition function. The U (1) vector case was solved by adapting a suitable ansatz and applying Fourier analysis on the corresponding heat equation. The regular parts of both partition functions were justified by an independent W.K.B. approximation in any dimension. We have also proposed an alternative approach to derive recurrent relations of the fundamental solutions of the heat equation in different dimensions.
Appendices Appendix A
The Hodge inner product of a p−form (p ≤ n − 1), taking values on a real vector bundle E, is defined generally by
where the index s denotes the dimension of the maximal subspace on which g is negative definite. For the real hyperbolic space s = 0. There exist two distinct coordinate representations of the hyperbolic space that will be utilized throughout the present work.
The geodetic spherical polar representation. The equation of hyperboloid is satisfied by the transformations
and the space has the topology of R + × S n−1 . A direct calculation leads to the metric tensor and the volume element in the form
where γ ij is the metric on S n−1 and dΩ n−1 its volume element. Note that the hyperbolic spherical polar coordinates are the same as the Euclidean ones with the substitution sinh r for r. The Laplace-Beltrami operator is given by
The Poincaré half-space representation. The second class of transformations that preserves the bilinear form is
The metric tensor
is manifestly conformally invariant and superior in some calculations as compared to (A.2). The Laplace -Beltrami operator in this model is
where ∆ E n is the Euclidean Laplacian.
Proposition .1 The geodesics of H n are straight lines perpendicular to the hyperplane x n = 0 (the boundary ∂H n ) and circles whose planes are perpendicular to x n = 0 with centers on the hyperplane.
The proof is based on finding the solutions to the geodesics equation
where τ is an affine parameter and
are the components of the Levi-Civita connection (the well-known Christoffel symbols of the second kind). The Levi-Civita connection is an affine connection which is metric compatible and torsion free. Considering two points on H n their geodesic distance is given by d H n (x, x ′ ) = inf and u(x, x ′ ) is the chordal distance. Using the half-space representation one can have the alternative expression for u(x, x ′ )
A, B = 0, · · · , n, i, j = 1, · · · , n (A.12)
where the Minkowski metric η AB has signature (−, +, · · · , +) and Einstein's summation convention for each repeated pair of indices is adopted.
In general a function of the hyperbolic distance satisfies the equation 
